The evolution of the isolated domains of a bifurcated structure in a subcritical state is experimentally studied along the hysteresis branch, up to the critical point at which a chaotic regime is found to develop. The width of the domains is unstable and the fronts dynamics exhibit a cascade of bifurcations as the constraint increases. The chaotic regime is initiated by a splitting of the isolated domains, controlled by a width-selection mechanism. Most of these results are qualitatively reproduced in a fifth-order Ginzburg-Landau model. DOI: 10.1103/PhysRevLett.86.228 PACS numbers: 47.52. + j, 05.45.Jn, 42.70.Df, 47.20.Ky Subcritical bifurcations are characterized by the possible coexistence of both the bifurcated and the initial states, inside the subcritical range [1] . Generally, between the turning point and the critical point (the hysteresis branch), the bifurcated structure appears as localized domains limited by fronts. In addition, right at the critical point a chaotic state may develop, as it may be observed in laminar flows, where turbulent localized bursts appear suddenly [2] . The creation mechanism and the role of the localized chaotic states are not well understood, whereas their study is of much general interest in the characterization of subcritical bifurcations. To our knowledge, no experimental study of the localized domains along the subcritical branch had yet been performed.
Subcritical bifurcations are characterized by the possible coexistence of both the bifurcated and the initial states, inside the subcritical range [1] . Generally, between the turning point and the critical point (the hysteresis branch), the bifurcated structure appears as localized domains limited by fronts. In addition, right at the critical point a chaotic state may develop, as it may be observed in laminar flows, where turbulent localized bursts appear suddenly [2] . The creation mechanism and the role of the localized chaotic states are not well understood, whereas their study is of much general interest in the characterization of subcritical bifurcations. To our knowledge, no experimental study of the localized domains along the subcritical branch had yet been performed.
We report here on an experimental study of a subcritical bifurcation found in a nonlinear time-dependent state, in the electroconvection of a nematic liquid crystal, in a quasi-1D geometry [3] . This bifurcation develops a spatiotemporal chaos at the critical point. The fronts dynamics of the localized domains along the hysteresis branch are found to exhibit a novel cascade of bifurcations to this chaos, and a selection mechanism for the size of the domains, which plays a role in the onset of the chaotic state. By using a fifth-order (quintic) complex Ginzburg-Landau equation (QCGLE) we are able to reproduce in a large part both the cascade of bifurcations and the width-selection effect experimentally observed.
The experimental setup is made of a d 20 mm thin layer of nematic liquid crystal Merck Phase V [4] sandwiched between two glass plates with a planar anchoring (in the x direction). The constraint is an alternating electric field E applied perpendicularly to the nematic layer (along z), and the control parameter is defined by the voltage V Ed. The electric field is applied by means of semitransparent electrodes (ITO) uniformly coated on one confining glass, whereas the other glass is coated with narrow stripes, thus defining quasi-1D channels with extensions L y 20 mm and L x 1 cm. The aspect ratios are G y L y ͞d 1, G x ϳ 500, and the lateral boundary conditions are free. Those channels prevent the coupling of the basic state to transverse modes along y that would complicate the study. The reduced control parameter used hereafter is´ V 2 ͞V 2 crit 2 1, where V crit is the critical voltage at the onset of the instability under study. The voltage is increased, at a rate of 0.23 mV͞sec, slow enough to allow the structure to evolve continuously. The stability of each state is insured by keeping the temperature fixed at T 30.00 ± C, stable to better than 0.05 ± C. A normally incident collimated light beam is deviated by the optical index modulations induced by the convective structures. The optical caustic thus formed is intercepted by an observation plane parallel to the confining plates. The optical structure, related to the convective structure [5] , is digitized by a CCD camera for further processing. The frequency of the electric field is a secondary control parameter that is kept fixed at f 225 Hz, i.e., below the cutoff frequency of the "conduction regime" (300 Hz) [6] . There, the rest state is unstable against a time-dependent convective state in the form of a progressive traveling wave (TW) for V th Ӎ 17.45 V [7] . At a higher voltage this latter becomes unstable against a modulated wave (MTW). The first bifurcation is weakly subcritical whereas the second one is supercritical [3] .
The state under study hereafter develops as a third instability above a critical value V crit Ӎ 26.93 V, in the form of islands (domains) of the strongly nonlinear modulated traveling wave [3] (Fig. 1) . At this critical point, the islands connect erratically, and the resulting structure has indeed the features of a chaos as indicated by the fast decreasing correlations both in time and space. Now, starting from the critical point, and slowly decreasing the constraint along the subcritical branch, it is found that the islands remain stable down to the subcritical point V sub Ӎ 18.81 V. Below the chaos, the islands are surrounded either by a progressive wave close to the critical point, or by the quiescent state at lower constraints over most of the hysteresis range [3] . At V sub , the width of the islands first decreases slowly, until reaching a value less than six spatial periods l. At this point, the amplitude of the convective state falls down to zero abruptly and uniformly. The bifurcation to the island state is then characterized by a strong hysteresis that we express as V 2 sub ͞V 2 crit 2 1 ϳ 20.51. Thus, inside the whole subcritical range the bifurcated state exists as well-defined separate islands (Fig. 1b) . The evolution of this island state towards chaos is now studied along the subcritical (hysteresis) branch of the bifurcation, starting from V sub up to V crit . Along this branch, the basic bifurcated state does not show any measurable change, whereas a remarkable novel behavior of the domain size revealed by front motions takes place. This evolution occurs through a sequence of different steps: (a) At low constraint, typically for 20.51 ,´, 20.30, the fronts are stationary (Fig. 2a) . The size of each domain is everywhere almost identical, and increases weakly as the constraint increases. No global drift of the envelope is observed over long times; (b) now, when increasing further the constraint above´ϳ 20.30, the fronts start stretching beyond their initial position, back and forth, periodically in time. The oscillation period is of about 3 min (Fig. 2b) . No resonance is found between the front oscillations and the basic traveling-wave periods, their ratio lying typically between 1͞8 and 1͞9. This regime of periodic oscillations is stable up to´ϳ 20.21; (c) there, a new bifurcation takes place, leading to a biperiodic regime (Fig. 2c) . The fundamental period of oscillation is now about 10 min. The biperiodic regime range of existence is very narrow (D´ϳ 0.02), thus requiring a high stability in the experimental conditions (e.g., T fixed within 0.05 ± and V stable to 2 mV͞h); (d) beyond´ϳ 20.19, the front dynamics exhibit a chaotic regime (Fig. 2d) . In this regime, the front oscillations become incoherent and their amplitude fluctuations may attain relative values as large as 300%.
At even higher constraints (typically´ϳ 20.1), the envelope starts to slowly drift with a velocity of about 0.05 mm͞s (Fig. 3a) . As the constraint reaches the critical point at´ 0, adjacent domains connect, and the channel is rapidly filled with an intricate convective state. There, the small scale structures can no longer be distinguished because the fluctuations develop at comparable scales and with relatively large amplitudes. This is indicated by the sharp increase in the light scattering, meaning that the velocity gradients occur over scales of the order of some light wavelengths. This is a fully turbulent regime comparable to the so-called dynamic scattering [6] . From V sub and up, it is found that the mean width W of the islands is unique for a given constraint value (e.g., W ϳ 6l for´ 20.5), indicating a selection mechanism. Along the hysteresis branch, W continuously increases with the constraint by 15%. However, at a given constraint inside the chaotic regime of the fronts, the absolute width may at some time extend beyond a critical value and a "hole" is created in the amplitude inside the domain (Figs. 3a, 3b) . The initial island splits up into two distinct new ones. The hole creation is found to be associated with large phase gradients inside the inner basic MTW structure, as in a phase instability (Fig. 3c) . Following the splitting, the former island recovers its optimal width, thus confirming the widthselection mechanism. After the splitting, the newly created domain survives only if its width W cr is larger than some critical value W cr Ӎ 2 3 W. It is also found that the convection amplitude of the inner basic structure is varying like the mean width of the island. This width-selection mechanism may be ascribed to the interaction of the two opposite fronts [8] , and may illustrate the competition between the diffusion and the nonlinearities as in backward bifurcations. As a consequence, if the distance between the two fronts is less than a critical value, the amplitude decreases everywhere until the domain vanishes out (Fig. 2d ). The splitting mechanism allows then the multiplication of domains inside the channel, at high´. It can also be noticed that quite often, as in the present experiment, the two opposite fronts do not move symmetrically (Figs. 2 and 3a) . For instance, at´ϳ 20.30, the left front is stationary, and oscillates only at higher values of´. Here, its amplitude of oscillation is smaller than that of the right front. In those experiments, both the basic inner wave and the global drift observed at higher constraint move in the same direction (here, to the right). We have not been able to determine the origin of this asymmetry. It may result either from a selection by the system, or from experimental artifacts (equipotential surfaces not parallel to the plates, small thickness gradients, etc.). In conclusion to the experimental part, we have found in the prechaotic range, (i) a cascade of bifurcations of fronts regimes as the constraint is increased: stationary ! monoperiodic in time ! biperiodic ! chaotic in space and time, (ii) a selection mechanism of the width of the domains. This selection mechanism is responsible for the splitting of the domains that characterizes the chaotic regime of the fronts.
The local field of the bifurcated state may be represented by u͑x, t͒ Re͕A͑x, t͒ expi͓w͑x, t͔͖͒ where A͑x, t͒ is the slowly varying amplitude and w͑x, t͒ the rapidly varying phase of the basic structure. The evolution equation for the amplitude A͑x, t͒ must comply with both the involved symmetries (odd powers) and the subcritical nature of the bifurcation (quintic term). The simplest one is a QCGLE: (r indicates a real part). This selection of the width is quite similar to the experimental one. The mean width of the final state increases with b r , but is roughly independent on g r . Thus, at fixed constraint, the control of the width is given by a balance between the diffusion constant (a r ) and the cubic term (through b r ). One must note that the high-order nonlinear state under study shows peculiar features, as compared with the usual subcritical bifurcations: (i) the coexisting states are neither the last unstable (MTW) nor the bifurcated ones, (ii) the range of the subcritical regime is here much larger. These remarks may be related to the fact that the system is nonvariational and the state is strongly nonlinear. However, the cascades of bifurcations both in the numerical and in the real experiments show quite similar features. The experimental asymmetry is not reproduced in the simulations, and the fully chaotic regime cannot be attained. In effect, the hole creation mechanism experimentally observed is not captured in the simulations but might exist only inside a very narrow range of the parameters space. In order to develop a more accurate description of the mechanisms involved one should now study the fine evolution of the amplitude of the inner basic structure in relation with the width instability.
A similar cascade of bifurcations in a QCGLE had also been previously observed, but using the diffusion constant a r as the control parameter [9] . There, the width instability results naturally from the competition between the spatial diffusion and the nonlinearities. By comparison, in our model all the parameters controlling the width of the domains are fixed, and the width instability is triggered instead by the constraint value as in the real experiment. Moreover, these authors had introduced additional nonlinear gradient terms [10] . We have checked that such terms lead to a drift qualitatively similar to the experimental one. However, in the model, there is no threshold for the drift, contrary to the experiment, where it appears only at a well-defined high constraint value.
In conclusion, it is found that the direct transition to chaos at the critical point of a subcritical bifurcation is preceded by a cascade of bifurcations in the spatial extension of the localized bifurcated domains along the hysteresis branch. The localization results from a selection mechanism that indicates a coupling between the spatial extension and the amplitude of the domains. Most of the experimental findings can be reproduced qualitatively by a quintic complex Ginzburg-Landau model. One may wish that these novel results stimulate similar studies in the subcritical range of backward bifurcations in other fields, for instance in hydrodynamics or in the solidification of binary mixtures.
